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Abstract
The optical conductivity for the surface excitations for a Topological Insulator as a function of the
chemical potential and disorder is considered. Due to the time reversal symmetry the chiral metallic
surface states are protected against disorder. This allow to use the averaged single particle Green’s
function to compute the optical conductivity. We compute the conductivity in the limit of a finite
disorder. We find that the conductivity as a function of the chemical potential µ and frequency Ω
is given by the universal value σ(Ω > 2µ) = e
2π
8h . For frequencies Ω < µ and elastic mean free path
lel = vτ which obey kF l > 1 we obtain the conductivity is given by σ(Ω < 2|µ|) = e22h kF lel(Ωτ)2+1 . In
the limit of zero disorder we find σ(µ 6= 0,Ω, kF l →∞) = e2π2h |µ|δ(Ω).
1
I. Introduction
For time reversal invariant systems one finds that for Kramer’s states the time reversal
operator ϑ obey ϑ2 = −1 and thus the second Chern number is given by (−1)ν = −1 where
ν is an odd number. Topological Insulators (TI) [1–4] are characterized by chiralic gapless
electronic spectrum. For the 3D TI material Bi2Se3 the surface state consist of a Weyl
equation with single Dirac Cone which is below the chemical potential µ and the bulk gap
0.3eV . Due to the topology the backscattering is suppressed [7] and therefore localization
might be prohibited. Tunneling scanning has confirmed the presence of backscattering and
therefore the presence of a topological metallic state. The conductivity results are less
conclusive, due the presence of the 3D bulk gap [6] or the insulating gap for thin layers TI.
The charge current operator for Weyl equation is identified with the spin on the surface of
the TI. Therefore for clean systems conservation of momentum will cause the low frequency
conductivity to vanish, only the optical conductivity for frequency Ω > 2µ (µ is the chemical
potential) is finite. In the presence of impurities elastic scattering conserve energy but not
the quasi momentum, giving rise to a finite Drude conductivity. Due to the spin orbit
interaction anti-localization effects dominate the physics giving rise to a metallic conductivity
[8, 10–12, 18]. For the Weyl equation the velocity operator is given by: dr
i
dt
= vF ǫi,jσ
jand
,i, j = 1, 2 and the charge current is given by the spin operator. We formulate the optical
conductivity for a finite chemical potential. We define Green’s functions for particles and
anti-particles (holes). Our results are as as following: For a finite chemical potential we
find σ(Ω > 2µ) = e
2π
8h
[µ + 1
4
fF.D.(−Ω + µ)] which at low temperature takes the universal
value σ(ω > µ) = e
2π
8h
. The results obtained here in the absence of disorder are similar to
the one obtained in graphene [16]. For weak disorder and chemical potential µ > Ω we
find the that the conductivity is given by the Drude conductivity, σ(Ω < 2|µ|) = e2
2h
kF lel
(Ωτ)2+1
.
(lel is the elastic mean free path). The plan of this paper is as followings: In section II
we introduce the model. In section III we construct the Green’s function for a model
with a finite chemical potential. In chapter IV we consider the effect of the white noise
scattering potential on the single particles Green’s functions. In chapter V we compute the
conductivity in the single particle approximation. Chapter V I is devoted to conclusions.
II- The Weyl model
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The surface state Hamiltonian of a Topological Insulator (TI)of the Bi2Se3 family ma-
terials is given by a the Weyl model [? ]. The presence a random potential and an electro-
magnetic field modify the Weyl model in the following way:
S =
∫
dt[
∫
d2rΨ†(~r, t)(i∂t − eA0(~r, t)Ψ(~r, t)−H ];
H = h¯v
∫
d2rΨ†(~r)[σ1(−i∂2 − e
h¯
A2(~r, t))− σ2(−i∂1 − e
h¯
A1(~r, t)) +
Usc(~r)
h¯v
]Ψ(~r)
(1)
v is the Fermi velocity , ~A(t) = i
Ω
~E(Ω)e−iΩt is the external vector potential, A0(~r, t) is the
external scalar potential and Usc(~r) is the random potential controlled by the white noise
correlation function << Usc(~k)Usc(~k
′) >>= Dscδ
2[~k + ~k′]. In the absence of the random
potential and external fields the Hamiltonian (in the first quantization) in the momentum
space is given by h[~k] = −σ2k1 + σ1k2. The Hamiltonian h[~k] is time reversal invariant
ϑ−1h[~k]ϑh[−~k] ( ϑ = iσ2K is the time reversal operator and K is the conjugation operator
which obey ϑ2 = −1 ) This Hamiltonian has two eigenvectors : |u(+)(~k) > with the eigenvalue
Ep = E+ = h¯v|~k| for particles and |u(−)(~k) > for anti-particle Ea = E− = −h¯v|~k|.
|u(+)(~k) >= 1√
2
|~k > ⊗[1, ieiχ(kx,ky)]T
|u(−)(~k) >= 1√
2
|~k > ⊗[−1, ieiχ(kx,ky)]T ;χ(kx, ky) = tan−1
(
ky
kx
)
(2)
The spinor operator Ψ(~r) is decompose into the eigen modes of the unperturbed Weyl
Hamiltonian.
Ψ(~r) =
∑
~k
ei
~k·~r[C(~k)u(+)(~k) +B†(−~k)u(−)(−~k)] ≡∑
~k
ei
~k·~rΨ(~k) (3)
µ = h¯vkF stands for the chemical potential ,|0 >≡ |µ; p > ⊗|µ; a >. |µ; p > stands for
particles ground state and obeys C(~k)|µ; p >= 0 for E(~k) > µ ≡ h¯vkF > 0 (kF is the Fermi
momentum. For µ < 0 we have in the ground state antiparticle for energies E(~k) < |µ|).
|µ; a > represent the antiparticles ground state and obeys B(~k)|µ; a >= 0. Using the eigen
spinors the Hamiltonian is equivalent to two coupled bands.
H0 =
∑
~k
[h¯v|~k|C†(~k)C(~k) + h¯v|~k|B†(−~k)B(−~k)]
HD =
∑
~k
∑
~p
Usc(~k − ~p)
[
V p,p(~k, ~p)C†(~k)C(~p) + V a,a(−~k,−~p)B(−~k)B†(−~p)
+V p,a(~k,−~p)C†(~k)B†(−~p) + V a,p(−~k, ~p)B(−~k)C(~p)
]
(4)
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H0 is the unperturbed Hamiltonian and HD is the effect of the random potential on the two
bands. The spinors structure gives rise to vertex functions for the coupling to the random
potential in momentum space The vertex functions are given in terms of the particles and
anti-particles matrix elements where p stands for particles and a stands for antiparticles:
are given by:
V p,p(~k, ~p) =< u(+)(~k)|u(+)(~p) >;V a,a(−~k,−~p) =< u(−)(−~k))|u(−)(−~p) >;
V p,a(~k,−~p) =< u(+)(~k)|u(−)(−~p) >;V a,p(−~k, ~p) =< u(−)(−~k)|u(+)(~p) >
(5)
In agreement with the time reversal invariance ϑ2 = −1 we find that the backscattering is
prohibited: V p,p(~k, ~p = −~k) = e i2 (χ(~k)−χ(−~k)) cos[1
2
(χ(~k)− χ(−~k))]. From the representation
χ(k1, k2) = χ(~k) = tan
−1(k2
k1
) we obtain the relation χ(−~k) = π + χ(~k) and find that
V p,p(~k, ~p = −~k) = 0.
III-The single particle Green’s function for a finite chemical potential µ in the
absence of disorder
In the absence of disorder we can use the spinor operator Ψσ(~k) = [Ψσ=↑(~k),Ψσ=↓(~k)
T ]
with the components :
Ψσ(~k) = C(~k)u
(+)
σ (
~k) +B†(−~k)u(−)σ (−~k) (6)
Using the spin half spinor |σ = ±1
2
〉 we obtain the the projected spinors u(+)σ (~k) and u(−)σ (~k)
u(+)σ (
~k) = 〈σ|u(+)(~k)〉, u(−)σ (~k) = 〈σ|u(+)(~k)〉 (7)
We define the single particle Green’s matrix igσ,σ′(~k,~k
′; t, t′) = iδ~k,~k′Gσ,σ′(
~k; t− t′ = τ) [15].
iGσ,σ′(~k, τ) =< 0|T (Ψσ(~k, τ)Ψ†σ′(~k, 0))|0 >= (u(+)σ (~k))∗ · u(+)σ′ (~k) < µ; p|T (C(~k, τ)C†(~k, 0))|µ; p > +
(u(−)σ (−~k))∗ · u(−)σ′ (−~k) < µ; a|T (B†(−~k, 0)B(−~k, τ))|µ; a >≡
iGp(~k, τ)(u(+)σ (
~k))∗ · u(+)σ′ (~k) + iGa(−~k, τ)(u(−)σ (−~k))∗ · u(−)σ′ (−~k)
(8)
The Fourier transform in the frequency domain allows to write: Gp(~k, ω = ωˆ+µ) for particles
and Ga(−~k, ω = ωˆ+µ) for antiparticles ( p stand for particles and a for anti-particles Green’s
4
function). The Green’s functions for a positive chemical potential µ > 0 are given by in
terms of the Fermi Dirac function for temperatures T → 0, fF.D.(ωˆ) = 1eβ(ωˆ)+1 ; β →∞
Gp(~k, ω = ωˆ + µ;µ > 0) =
1− fF.D.(ωˆ)
ωˆ − (E(~k)− µ)) + iǫ +
fF.D.(ωˆ)
(E(~k)− µ)− iǫ , ǫ→ 0
Ga(−~k, ω;µ > 0) = 1− fF.D.(ωˆ + µ)
ωˆ + E(~k) + µ− iǫ , ǫ→ 0
(9)
IV-The single particle Green’s function in the presence of the white noise
potential Usc(~r)
To second order in the scattering potential Usc(~r) the self energy for the particles is given
by Σ(~k, ω; p) for the anti-particles the self energy Σ(~k, ω; a) is given by a similar result:
Σ(~k, ω; p) =
∫
d2k′
(2π)2
<< Usc(~k − ~k′)Usc(~k′ − ~k) >> V p,p(~k,~k′)V p,p(~k′, ~k)G(p)(~k′, ω)
+
∫
d2k′
(2π)2
<< Usc(~k − ~k′)Usc(~k′ − ~k) >> V p,a(~k,−~k′)V a,p(−~k′, ~k)G(a)(−~k′, ω)
Σ(~k, ω; p) ≡ ΣR(~k, ω; p) + iΣI(~k, ω; p)
ΣR(~k, ω; p = ωˆ + µ,Λ; p) = Γ
2
‖
∫ vΛ
0
d2E
ωˆ − (E − µ) + Γ
2
⊥
∫ vΛ
0
d2E
ωˆ + (E + µ)
ΣI(~k, ω; p) = −πΓ2‖(ωˆ + µ)[fF.D.(−ωˆ)− fF.D.(ωˆ)]− πΓ2⊥(ωˆ + µ)fF.D.(−ωˆ − µ)
Γ2‖ ≈ Γ2⊥ ≈
Dsc
4πv2
; (10)
This allows to define the life time τ , 1
2τ
= Dscµ
4v2
. The notation << ... >> stands for the white
noise average and Λ is the momentum cut-off. The real part of the self energy diverges in
the limit ω = 0. The derivative of the self energy introduces the wave function renormal-
ization Z−1 (or the quasi particle weight): Z−1(ωˆ, λ; Λ) = [1− ∂ωˆΣR(ωˆ, µ, λ,Λ; p)|ωˆ=0]
As a result we replace the chemical potential µ by the renormalized chemical potential:µ→
µ = Z[µ − ΣR(0, µ, λ,Λ; p))] Similarly the velocity v is replaced by : v → vZ(ωˆ, λ; Λ) The
averaged Green’s functions for particles Gp(~k;ω) and anti-particles Da(~k;ω) is given by :
Gp(~k;ω) =
∫∞
0 ds G
p(~k; s = t−t′)eiωs+∫ 0−∞ dsGp(~k; s = t−t′)eiωs ≡ Gp(~k;ω,+)+Gp(~k;ω,−)
and Da(~k;ω) =
∫∞
0 dsG
a(~k; s = t − t′)eiωs + ∫ 0−∞ dsGa(~k; s = t − t′)eiωs ≡ Ga(~k;ω,+) +
Ga(~k;ω,−). The averaged Green’s functions can be expressed in terms of the spectral func-
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tions A± for particles and B± for antiparticles .
Gp(~k;ω,+) ≡
∫ ∞
−∞
dz
A+(~k, z)
ωˆ − (E(~k)− µ) + iǫ ;G
p(~k;ω,−) ≡
∫ ∞
−∞
dz
−A−(~k, z)
ωˆ − (E(~k)− µ)− iǫ
A+(~k, ωˆ) = (
1
4πτ
)
(1− fF.D.(ωˆ))
(ωˆ − (E(~k)− µ))2 + ( 1
2τ
)2
;A−(~k, ωˆ) = (
1
4πτ
)
fF.D.(ωˆ)
(ωˆ − (E(~k)− µ))2 + ( 1
2τ
)2
;
Ga(~k;ω,+) ≡
∫ ∞
−∞
dz
B+(~k, z)
ωˆ + (E(~k) + µ) + iǫ
;Ga(~k;ω,−) ≡
∫ ∞
−∞
dz
−B−(~k, z)
ωˆ + (E(~k) + µ)− iǫ
B+(~k, ωˆ) = (
1
4πτ
)
(1− fF.D.(ωˆ))
(ωˆ + (E(~k) + µ))2 + ( 1
2τ
)2
;B−(~k, ωˆ) = (
1
4πτ
)
fF.D.(ωˆ)
(ωˆ + (E(~k) + µ))2 + ( 1
2τ
)2
;
(11)
V-Computation of the current in the averaged single particle approximation
We replace the ground state |0 > with the average effective ground state |φ0 > charac-
terized by the spectral functions A± and B±. We construct the evolution operator due to
the external potential Hext(t) which acts on the effective ground state |φ0 >. We use the
interaction picture and compute the induced current δJ1(~r, t) to linear order in the vector
potential ~A(t) (see eq.1): The Hamiltonian which describe the coupling of light to matter is
given by :
Hext(t) =
∫
d2r[J1(~r, t)A1(~r, t) + J2(~r, t)A2(~r, t)] (12)
We use the interaction picture and compute the induced current δJ1(~r, t) by the vector
potential ~A(t) (see eq.1):
δJ1(~r, t) =
−i
h¯
∫ t
−∞
dt′ < φ0|[Jˆ1(~r, t), Hext(t′)]|φ0 > (13)
The current operator is defined by the variation of the Hamiltonian with respect the vector
potential:
Jˆ1(~r, t) ≡ δH
ext(t)
δA1(~r, t)
= (−e)vΨ†(~r)σ2Ψ(~r)
Jˆ2(~r, t) ≡ δH
ext(t)
δA2(~r, t)
= (−e)vΨ†(~r)(−σ1)Ψ(~r)
(14)
we obtain the linear response for the conductivity σ1,1(~q,Ω) [14].
σ1,1(~q,Ω) =
R1,1(~q,Ω)
iΩ
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R1,1(~q,Ω) =
∫ ∞
−∞
dseisΩR1,1(~q, s)
R1,1(~q, s = t− t′) = −i
h¯
θ[t− t′] < φ0|[Jˆ1(~q, t), Jˆ1(−~q, t′)]||φ0 >
(15)
θ[t − t′] is the step function which is one for t ≥ t′. The current operator Jˆ1(~r) is build
from the four components Jˆp,p1 (~q; t),Jˆ
a,a
1 (~q; t),Jˆ
a,p
1 (~q; t) Jˆ
p,a
1 (~q; t) and the spinor matrix el-
ements : W p,p1 (~k + ~q,~k) =< u
(+)(~k + ~q)|σ2|u(+)(~k) >;W a,a1 (−~k − ~q,−~k) =< u(−)(−~k −
~q)|σ2|u(−)(−~k) > ;W a,p1 (−~k − ~q,~k) =< u(−)(−~k − ~q)|σ2|u(+)(−~k) >; W p,a1 (~k + ~q,−~k) =<
u(+)(~k + ~q)|σ2|u(−)(−~k) >
Jˆ
p,p
1 (~q; t) =
∫
d2k
(2π)2
C†(~k + ~q, t)W p,p1 (~k + ~q,~k)C(~k, t)
Jˆ
a,a
1 (~q; t) =
∫
d2k
(2π)2
B(−~k − ~q, t)W a,a1 (−~k,−~q,−~k)B†(−~k, t)
Jˆ
p,a
1 (~q; t) =
∫
d2k
(2π)2
C†(~k + ~q, t)W p,a1 (~k + ~q,−~k)B†(−~k, t)
Jˆ
a,p
1 (~q; t) =
∫
d2k
(2π)2
B(−~k − ~q, t)W a,p1 (−~k − ~q,~k)C(~k, t)
(16)
We can express the conductivity in terms of the four currents build from the particles p and
anti-particles a :Jˆp,p1 (~q; t) ,Jˆ
p,a
1 (~q; t) Jˆ
p,a
1 (~q; t), Jˆ
a,a
1 (~q; t).
σ1,1(~q,Ω) =
R1,1(~q,Ω; p, p; p, p) +R1,1(~q,Ω; p, a; a, p) +R1,1(~q,Ω; a, p; p, a) +R1,1(~q,Ω; a, a; a, a)
iΩ
(17)
Using the explicit form of the spectral functions A±,B± given in equation (10) we obtain
the conductivity.
a) The conductivity in the limit of infinitesimal disorder with a vanishing
chemical potential
The only finite contributions are given by the combination B−A+ , the other two spectral
functions B+ and A− are zero.
σ1,1(Ω;µ→ 0) = e
2π
2h
∫ ∞
−∞
dω
∫ Λ
0
E dE[
B−(E, ω)A+(E, ω + Ω)−B−(E, ω + Ω)A+(E, ω)]
Ω
] =
e2π
2h
∫ ∞
−∞
dω
∫ Λ
0
E dE[
fF.D.(ωˆ)(1− fF.D.(ωˆ + Ω))
Ω
δ(ωˆ + E)δ(ωˆ + Ω− E)
7
−fF.D.(ωˆ + Ω)(1 − fF.D.(ωˆ))
Ω
δ(ωˆ + Ω+ E)δ(ωˆ −E)] =
e2π
8h
[fF.D.(−Ω
2
)(1− fF.D.(Ω
2
)) + fF.D.(
Ω
2
)(1− fF.D.(−Ω
2
)]|T→0 → e
2π
8h
(18)
b)-The conductivity for a finite chemical potential µ > 0 in the limit of in-
finitesimal disorder
For this case B+ = 0 and we have three nonzero spectral functions ,A+,A−and B−.
σ1,1(Ω;µ > 0) =
e2π
2h
∫ ∞
−∞
dω
∫ Λ
0
E dE[(
−A−(E, ω)A+(E, ω − Ω) + A+(E, ω)A−(E, ω − Ω)
Ω
)
+(
−B−(E, ω + Ω)A+(E, ω) +B−(E, ω)A+(E, ω + Ω)
Ω
)] =
e2π
2h
[µRδ(Ω) +
1
4
ff.D.(
Ω
2
)ff.D.(−Ω
2
− µ) + 1
4
(1− ff.D.(Ω
2
))(1− ff.D.(Ω
2
− µR))]|T→0
→ e
2π
2h
[µδ(Ω) +
1
4
fF.D.(−Ω
2
+ µ)]
(19)
We find that the the conductance at T = 0 is given by the universal value e
2π
8h
for Ω > 2µ.
For a finite chemical potential the metallic behavior is given by e
2π
2h
|µ|δ(Ω). In figure 1 we
show the conductivity for the entire range of frequencies for the case that the elastic mean
free path is large.
c)- The conductivity in the limit of finite disorder with the finite life time
case lel. = vτ at a low frequency Ω < 2µ.
In the limit of in the limit Ω → 0 we can limit ourself only to the conductivity of the
conduction band which is given by given by R1,1(0,Ω; p, p; p, p). We find Drude like behavior
given by figure 2.
σ1,1(Ω < 2|µ|) = e
2
2h
kF ltr
(Ωτ)2 + 1
(20)
Where kF is given by kF =
µ
h¯v
. We observe that the conductivity contains the factor half.
The origin of the factor half is due to the angle dependent vertex cos2[χ(~k)]. In addition we
remark that Ladder correction will replace the scattering time τ and therefore the elastic
mean free path with the transport time τtr > τ and therefore l with ltr > l. In figure 2 we
have plotted the conductivity for this case.
Conclusion
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FIG. 1: The conductivity for the entire frequency
To conclude we have computed the optical conductivity for the Weyl Hamiltonian which
describe the surface excitations of the TI for the entire range of frequencies. Due to the time
reversal invariance ϑ2 = −1 the backscattering is prohibited and the model belongs to the
sympectic ensemble justifying the use of the single particle approximation. The universal
value of the conductivity is given by σ(ω > µ) = e
2π
8h
. For a finite chemical potential and
finite disorder we find that the conductivity is given by σ(Ω < 2|µ|) = e2
2h
kF ltr
(Ωτ)2+1
. In the limit
of µ ≈ 0 self consistent calculations performed by one of us [17] show that the conductivity
is given by σ(µ ≈ 0,Ω = 0) ≈ e2
πh
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